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Conditions for the existence of isoconic motions in the generalized problem of the dynamics of a rigid
body with a fixed point are studied in the case when the auxiliary variables are described by polynomial
solutions of the types considered by Steklov [1], Goryachev [2] and Kowalewski [3]. Two new cases of
isoconic solutions are determined.

THE HODOGRAPH method, which offers a direct kinematic interpretation of the motion of a rigid
body with a fixed point based on Poinsot’s theorem and Kharlamov’s equations [4], has not
only produced a new conception of the properties of such motion, but has also revealed the
existence of whole new classes of motion. One of the most important is the class of isoconic
motions, in which the moving and fixed hodographs of the angular velocity are symmetric
about a plane tangent to them. These motions were first studied by Fabbri [5], who established
their existence in Steklov’s solution [1]. The isoconic property in Steklov’s solution has also
been derived by using hodographs. Cases of isoconic motions in the classical context of the
motion of a rigid body were also observed in the treatments of Lagrange [7], Zhukovskii [8],
Hess-Stretenskii [7] and Grioli [9]. In the generalized problem of the motion of a gyrostat with
a fixed point, the only isoconic solutions to have been studied are those with a first layer (in
Kharlamov’s terminology) of corresponding invariant relation [10], and isoconic precession
motions.}

1. STATEMENT OF THE PROBLEM

Consider the motion of a charged, magnetized gyrostat with a fixed point in a field of
potential and gyroscopic forces. The potential forces are due to the interaction of the magnets
with the constant magnetic field, whose direction is represented by a unit vector v, to the
interaction of the electrical charges with the electric field, and to the Newtonian attraction of
masses. The centres of the Newton and Coulomb attractive forces lie on an axis through the
fixed point parallel to v. The gyroscopic forces are produced by the Lorentz action of the
magnetic field on the electrical charges moving in space (there are no currents in the gyrostat)
and the cyclic motions of the rotors in the body-carrier.

The equations of motion of the problem may be written in vector notation as follows (see,

e.g. [1]P:
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Aw'=(A0+A) X0+ wx By +v x(Cv —s)

11
v=vX® (1.1
These equations have three first integrals
Aw-w-2(s-v)+Cv-v=2E, v-v=1
1.2)

(Aw+\)-v-¥%(Bv-v)=k

where » is the angular velocity of the gyrostat, v is the unit vector pointing along the axis of
symmetry of the force fields, A is the gyrostatic moment, s is the vector of the generalized
centre of mass, A is the inertia tensor of the gyrostat relative to the fixed point, and B and C
are symmetric 3 x 3 matrices; dots over the variables denote relative differentiation.

A necessary and sufficient condition for the existence of isoconic motions in the generalized
problem of rigid-body dynamics is that system (1.1) admits of an invariant relation [12]

w-(¥-¢)=0 (13)

where ¢ is unit vector that remains fixed relative to the body-carrier,
Suppose that the matrices A, B and C in (1.1) and (1.2) are in diagonal form, w=(p, q, r),
v=(V;, V,, V3), s=(s, 0,0), A=(A, 0,0). Then we obtain from (1.1) and (1.2)

A p'=(Ay = A3)qr + Byvsq — Byvyr +(C3 - Gy) v, v,

Ayg'=(A; — A)rp—Ar+ Byvir = Byvsp — svy +(C; - C3)VyVv, (14)
Ayr'= (A, ~ A))pq+ A+ Byvap— Bivig + svy +(C, - G)vv,

VI =TVy—qVs, V3 =pV3—IVy, V3=qVi-pV,

APt + At + At - 2sv, + C Vi + CVE + G2 = 2E

vievisvi=1

2(Ap+ M)V, +2A,qV, +24Ayrv, - BV - B,vE — BivE =2k

Let us assume that Eqs (1.4) have a solution in the following form

7> =0(p)= éobkp" , rP=R(p)= f‘a ap'

.
vi=o(p)= Zoajp’» V2 =qy(p), v3=rx(p) (1.5)
}:

m R m .
y(p)= ):0 &p'. x(p)= I_Zof,-p’

where n, m, n,, m,, [ are natural numbers or zero, b,, ¢, a, g, f, are certain as yet
undetermined parameters. In the classical problem of the motion of a rigid body with a fixed
point, there are three known solutions with this structure [1-3]. Considering the conditions for
the existence of quadratic invariant relations in the motion of a gyrostat in a gravitational field,
Kharlamov [4] generalized Steklov’s and Kowalewski’s solutions and showed that Goryachev’s
solution cannot be generalized.
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Substitute (1.5) into (1.4)

p= (0" (0))" (W(p) - x(PIOQ(PIR(p)) (16)
@V ()Y = 29" (DWW (PXpK(p) - o P)(W(p) - x(p))™ %))

(R(PYCE(P)) =29’ (p)R(pX@(p) - px(PIXW(P) - %(p))™
A (W(p) - k() = @ (PI(C5 — CIW(p)R(p) + Byx(p) — Baw(p) + A; — As]
A0 (PYW(P) - x(p)) = 2¢"(PI(C, - C2)o(p)x(p) -

—K(p)(B;p +5)+ Bip(p)+(Ay — A)p-R] (1.8)

ART{PYy(p) - x(p)) = 29 (PI(C, - CHO(PIW(p) +
+W(PXByp+5) — Bi@(p)+ (A - A)p+1]

2 (p)+ QP> () + R(p)X*(p)-1=0
Q(PNCY2 (P + Ay)+ R(PUCKP () + Ay) + C19? (p) -
“259(p)+ Ap® —2E=0, Q(p)w(pXB,w(p)-24)+

+R(PIC(P) Byk(p) - 2431+ B9 (p) = 24, po(p) - 29(p)A + 2k = 0 19

The prime denotes differentiation with respect to p. Equation (1.6) establishes the dependence
of p ont. Note that Eqs (1.6) and (1.7) were obtained from the kinematic equations, Egs (1.8)
from the dynamical equations, and Eqs (1.9) from the integrals of the equations of motion.

In our examination of the conditions for the existence of isoconic motions of the gyrostat, we
shall assume that the vector ¢ in (1.3) points along the axis on which the gyrostat’s centre of
mass is situated. The class of isoconic motions that possess this property is not empty, since it
can be shown that, for example, Steklov’s solution [1] has the property. We then derive from
(1.3), using (1.5)

PLO(p) = ¢] 1+ Q)W (p) + R(p)K(p) = 0 (1.10)

where ¢¥ =+1.

2. THE CASE w{(p)=g, x(p)=/,

A preliminary task is to estimate the maximum degrees of the polynomials in (1.5), that is,
the numbers n,m, n,, m,, L As a first step, the estimate is conveniently derived from the first
equation of system (1.8). There are several singular cases. Let w(p)=g, x(p)=fy(n, =0,
m, =0). Then, noting that g,— f,#0 (otherwise p=const and the gyrostat is rotating
uniformly), we obtain from the equation

op)=ayp+ag (2.1)

The first equation of system (1.9) and Eq. (1.10) yield
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QMW(MIY(P) - x(P)]= px(PIO(p) - o) 1- 9> (p) +1

22)
R(pYR(DW(p) = k(D))= py(ple; - o(p)1+ > (p) -1
Thus, the maximum degrees of the polynomials Q (p) and R(p) do not exceed two
Q(p)=hyp* +byp+by, R(p)=cyp® +c1p+c (23)

The condition that (2.1) and (2.3) satisfy Eqs (1.7)-(1.9) gives a system of algebraic
equations in the parameters, from which we obtain'the following conditions

by=0, ¢;=0, ay=c¢,
a = A (20 — fo)l(C3 ~ Cy) g0 fo + B3 fy — Bagy + Ay — A
by =2a0a185' (fo - 20)™", € =2a0a, 15" (86 - fo)™!
by=a(fo-a)g &~ fo)"\ & =ay(a,~go)f5 (80 - fo)™! (24)
80 (fos + 1) = ag[80fo(Cy ~ C3) + Ay + 8958, ]
fo(8o5+A)=ay[80fo(C, - Cy) + A; + foB)]
80f0(C3 = Cy)Arfo + 8o (A ~ Ag)+ 8 foB;) -
~80SoA1(C, = C3)(80 - fo) = Ai(8 - fo)(Ay + 80B,) -
—(B3fo = Bago + Ay — A3 ) Ay fo + 80 (A — A3) + g0 foBs ]
80fo(C3 - C,)go (A3 - A) - fo (A4, - 24)) + go foB, ] -
~80So A (Cy - C3)(&0 ~ fo) = A(go — fo (A3 + foB) -
—(Bsfo — By8o + Ay — A3)[Asgo — fo(Ay — A)) + 80 £y By ]
Naming g, and f; as free parameters, we can use the ninth and tenth equations of system

(2.4) to determine s and A, and the eleventh and twelfth equations to determine the quantities
C,-C,, C,—C,. The parameters g, and f, must then satisfy the condition

f080(B3 — By)+2f5(Ay ~ A)-28(A; - A)) 20
Let us consider an example in which the eleventh and twelfth equations of system (2.4) are
solvable. Let B, =B,=B,=0,C;=¢’A4, (¢’ being a parameter). The two equations mentioned
then yield only one equation

€200 S (A, - Ag)+ fol Ay —e2g3 (A, —-A3)]-80A3 =0

which can be solved for f,, say, when A, - A, >0.
Thus, if y(p)=g, x(p)=f, the solution (1.5) will be

P=(80 - fo)pai" [(byp+ by )crp+ )V, g% = p(byp+by)

rP=plep+a) vi=ap+q 2.5)

va = 8ol p(byp + )R, V3 = folplegp + )V
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Note that in the classical problem of motion of a heavy gyrostat there is no analogue for the
solution (2.5) if s#0. In addition, it follows from the form of the solution that, if n, =0 and
m, =0, the polynomials Q(p) and R(p) cannot be constants, since b, =0 and ¢, =0.

The solution (2.5) will be real, for example, if A, =24, A,=1.5a, A;=a, g,=2f, B,=B,=
B, =0, a,=1, where a>0, f,>0.

3. THE CASE m, =0, n#0

The first equation of system (1.8) implies

A WD) - fo) = ¢ (PIV(PI(Cs ~Co) fo = B 1+ By fy + 4y — As) (31
This yields two possible cases
(Cy-Cy)fy-By =0, n =1-1 (3.2)
(C3—-Cy)fy - By 20, 1=1 (33)
By (1.7)

@V (W(P) - fi) = 2w(P)9’(pXpfo — 9(P))

34
R0y (W (D) - o) = 20" (PX@(p) ~ PY(P) 34)

Consider the case (3.2). Analysing (2.2) and (3.4), one can show that n=2, m=</[+1. On the
basis of (3.1), which takes the form

V(D) - fo = Q' (P), Wy = AT (Byfo+ Ay - A3) (3.5)

Eqs (1.8) may be transformed as follows:
WAy (26, p + b)) = 2{9(P)I(C, - C3) fp + By +
+(As — A - B3 fo)p~ (fos +R))
1 AR (p) = 2((C; - C)(PIW(P) + W(PX(Byp +5) = Bio(p) + (A — Ay)p + A} (3.6

Since [>1, the first equation of system (3.6) yields

(G =C)fo+B1=0, by=py /1y, b =213/H,

1 o 37
My = Ay (A3 - A = B3fy), M3 =—4; (fos+1)

Since the maximum degree of the polynomial on the left of the second equation in (3.6) is at
most /, and for C, # C, the right-hand side of that equation is a polynomial of maximum degree
21-1, it necessarily follows that C,=C, in (3.6). It then follows from (3.2) and (3.7) that
B, = B,. Eliminating the quantity wy(p)- f, in the second equation of (3.4) by using (3.5), we
find that

R(P)=2(fom) '@, - g )+ D)7 p' M+ 4+app+b,] (3.8
where b, is an arbitrary constant. Using (3.8) and the previously obtained conditions C,=C,,

B, = B,, we can write down conditions under which (3.5) and the second equation of (3.6) are
identified in p
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G =81r A= 812 = Ra8i 15y — 81 = Hy8a
@ — 80 = Ha8y +Hs, dp =Ha8g + g (3.9)
My=1 g, =m-Day,,...0 =a;, g~ fo =4
Ha=5fo(As+Bsfo) ™, W5 = fo(A - A X(As + By fy)™!
He = My(4s + By f) ™
We have taken into account that g, #0 if />1. Consider Eq. (1.10)
PQ(P) - 1)+ (bp” + byp+bo)W(p)+ foR(p) =0 (3.10)
By (3.8) and (3.9), this implies that b, =-1, and then by (3.7) we have
(A ~A)Byfg + A + Ay - A3)=0 (3.11)

If A, # A, in (3.11), then I=-1, which is impossible. We therefore put A, = A, in (3.11). By
3.9

a_ =gy, Ky = -Dggy (3.12)

On the basis of these conditions, we require that the first equation in (3.4) and Eq. (3.10) must
be identities with respect to p. We then obtain the following constraints on the parameters

Wi ( =17 —ps I =)~ iyt =0, 3ppe+2u3=0

which cannot hold simultaneously if />0. This means that in (3.9) and (3.12) g,, =0, 4 =0if
I>1. Consequently, case (3.2) cannot occur.

Consider case (3.3). It follows from (2.2) that n=0, n, =1, m=2. If we require that at these
parameter values the first equation of (1.9) and the first equation of (3.4) must be identities in
p, we get

bogi —afo+al =0, af +bogl+ fic, =0, ay+beg, + foc; =0

Since b, #0 (otherwise p=const), it follows from these equalities that g, =0 or f,=0. Since
n, #0 it follows from (1.4) that the equality f,=0 may be true provided that gv,-pv,=0,
which condition we reduce to the form b*(p)~ p’R(p)y(p)="0. But this cannot hold identi-
callyinp if n, #0.

We have thus shown that the case n, #0, m, =0 is impossible.

4. THE CASE I=1 n,#0, m 20

We may assume without loss of generality that m, <n,. It then follows from the first
equation of (1.8) that

G=G 4.1
Consider the first equation of (1.9) and Eq. (1.10)

(a,p+a,)* + QDWW (P) + R(P)X*(p)-1=0
playp +(ag — )1+ Q(P)W(p)+ R(p)k(p)=0

(42)
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Analysing these equations, we obtain the following possible cases: if n=0, n,=2: m, <0; if
n=1, nn=1: m=1if n>1: m=n, m=n.If n=m=n=m, =1, it follows from the second
equation of system (4.2) that bg, +c,f, =—a. We then derive from (1.7) a system of algebraic
equations, from which it follows that 3(bg, +c,f|)=-24,. This means that ¢ =0, which is
impossible.

We will now study the case when n=m, n,=m,, where n, #0. Equations (4.2) imply the
conditions

bllglzll + c'l Il2] = 0’ bllg’ll + Cllflll = 0 (4'3)

from which it follows that g, = f,, b,+c,=0. We now turn to the first equation in system
(1.8). This equation, by virtue of our assumptions, yields B, =B, and

81 = fp-1s 81 = 1o 80 =Jo +Ho
. (44)
Mo = a)(A; ~ A3 )(A, +a,B,y)

Here we will ignore the case A, = A,, for as B, = B, (see (4.1)) and Egs (1.4) are true, it leads
to the Kirchhoff-Kharmalov solution.
By (4.3), the first equation of (2.2) becomes

HoQ(P)(X(P) +Ho) =1~ (a;p+ay)? - px(p)lap+(ag —c; )]

from which it follows that n=2. Then also m=2. If 4,(C,-C,)-s#0, the second and third
equations of systems (1.8) imply

al(Cl—Cz)—Bz=0, nl=l(fq=0 if n1>1)

bzquz =a {ﬁ[ao(cl —Cz)— S]+ Blal + A3 - Al}

binoAy =2ay{folag(Cy - Cy) - 51+ (Byay ~ A)}
4.5

M43 = @y filag(Cy — C)) + 51+ A ~ A, - Biay)
Clu0A3 = 2a1 (fo[do(Cz —Cl)+ s]+ aou.o(cz - Ci)+ |J.0S - B‘a“ + )\.}

where, by (4.3) and (4.4), it must be true that f,(b, +c,)=0. This leads to the equalities b, =

—ay /Wy, € =ay/H,.
By (4.2), we have

_f](cl +b])+2b2l.lo =0, _f](Cl +b1)+b2uo +a| =0

Taking everything into account, we obtain g =0, which is impossible. Hence we must put
a,(C, -C,)-s=0. Then it is true that A,b + A, =0.
The second relationship in (4.2) may be written in the form

playp+(ag = )1+ (f, P +...+ fo)l(by +c)p + (by + o)1+ (4.6)

+io(byp +byp+by)=0

If n, =1, one can use the previously obtained results, i.c. in that case a, =0.
If n,#0, it follows from (4.6) that b +c, =0, so that A,=A; Thus, the case /=1 is
impossible.



790 YE. V. VERKHOVOD and G. V. GORR

5. THE GENERAL CASE (I>1, m #0, n,£0)

By virtue of our assumptions, condition (4.1) follows from the first equation of system (1.8).
If it is also assumed that n, > m,, it follows from that equation that B,=0. We then deduce
from (1.7) and (1.8) that

A ly(p)-x(p)]= @ (P)Bik(p) + Ay — As]
(5.1)
(PP = 24y (D)LPR(p) - 9( )N Bsk(p) + Ay - AT

[R(P)Z(P)] = 24 k(p)9(p) - py(PIBsK(p) + Ay - A3]7
AQ (DB (P)+ Ay ~ AY=2A1(C, - C)o(p)y(p) -
~K(p)B3p+5)+ Bio(p) + (A3 - A))p~ A

AR (D) Byx(p)+ Ay — As1 = 2A[-(C, - C)o(p)x(p) +
+Y(p)s~Bio(p)+ (A - Ay)p+4]

Since n, >m,, it follows from the first equation of this system that the following cases are
possible

(1) Ba-":o, nl=l‘“l, (2) 837‘30, nl=ml+l"‘l (5.2)
Analysis of the other equations of (5.1) produces the following subcases

11. G #2C, mam—1<l, n+n—1=1, m-1=Il-1+n

12. C,=C,, m+m 1<, n-1<|], m-1=1] (53)
21. G 2Cy, mam 1=l n-1=l, m-1=l+n-m,

22. C,=Cy, m+my =1, n+n~1=max(LI-m)(-m 21)

n+n —1<1{-m=1), n+m—1=max(m; +1L,0)(m +1#])

n~l+m <I(m +1=1), m-1+m; =max(n;,l)(n, #1)

m-i+m<[{n=10)

It can be shown that (5.2) and (5.3) cannot be simultaneously true. Thus, we must assume that
m, =n,.
By the first equation of system (1.9)

Al.2l=n+2n=m+2my, A2 2l=n+2n>m+2m

(5.4
A3 2l=m+2m>n+2n, Ad n+2nm=m+2m>2l
Similarly, we deduce from (1.10) the following independent possibilities
Bl. I+l=n+n=m+m,, B2. I+l=n+m>m+m
(5.5)
B3. l+l=m+m>n+n, B4 n+m=m+m>i+l

Analysing the compatibility of relations (5.4) and (5.5), we obtain the following cases
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n=m=2, m=n=1~1

n=m=2(-n), m=n<I-1

n=2, m<2, m=n=1I1~1

m=2, n<2, m=n=I-1 (56)

m=n=Il+l-n, m=n>I1-1

IS ol

m=n>l+l-n, m=n>2(-n)

Consider the first equation of (1.8)
Al(gn = fu )P +...H(8y - )1 = (5.7)
=(la,p' " +...+q, NSy By — 85 BY)P™ +...+(fiB3 ~ 8,B,) p + (fyBy — 8oB; + Ay — A3)]
If we put B, =B, in (5.7) and remember that />1we get g,~f,=0forall i=0,...,n,. But then
it follows from (1.6) that p=const, i.c. the gyrostat rotates uniformly. We shall therefore
assume from now on that B, # B,. From (5.7) we now deduce the condition g, # f, and the

following bound for the maximal degrees n, =1-1.
Let n,=1-1+ N, where N takes values0,1,..., n—1. Then

SuBs—8,B2=0,....fNuBs— gy By =0 (5:8)
InBs—8nBy #0 (N #0), foBy—goB, +A; - Ay #0(N =0)
By (5.7) and (5.8)
v(p) -x(p)= A (g, p" +...+a) g pV +...40y) (5.9)
Oy = fnBy - 8nBy,....0 = fiBy - 8,B,, O = foB3 -8B, + A - Ay
Since n,=1-1+N, N =0, case 2 of (5.6) is impossible. Case 6 is impossible because of (2.2),

from which it follows that n=<2if N=0 and n=2-N if N#0. The second and third equa-
tions of (1.8) imply

Ay (b, p" '+ 40 )(8n — f )P +...+(80 ~ fo)] =

=2(a,p" +..+a I(C, - Ca f, p*™+...] (5.10)
Ay (e, p™ 4. 408y = f )P+ + (8o = o)) =

=2(la;p' ' +...+a) ~(C, - Cy)ayg, p*"+...]

Hence, since [>1, g, #f, , it follows that n=m=21. The last condition is incompatible with
cases 1, 3, 4 and 5 of (5.6). Thus, we put C, =C, =C, in (5.10) and

Ay(nb,p™ 4. +)(gy ~ £, )P +... 4 (80 - fo)] =
=2(la)p' +...4a) M ~(Bsp + )(fy P +... 4 fo) +

+B, (a,p’+...+ao) +(A;-A)p-1)
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As(mep, p™ 4 408y ~ £ )P+ 4 (80 - fo)] = (5.11)
=20ap" " +...+a)~(Byp+ 5) (g, P +...+89) ~

—Bi(q)p'+...4a) + (A -- A))p+ A

Let N#0,ie. n,>I-1. Then, since B,#0, it follows from (5.11) that n=/+1, m=[+1.
Hence case 5 of (5.6) is impossible.

We thus have only one remaining case in (5.6) n,=[-1, m=<2, n=2. And since C,=C, =
C,, the matrix C does not occur in the equation.

Examination of the energy integral in (1.9) gives /=2. Consequently, in the general case a
solution of Egs (1.7) and (1.8) can only in the case when n=m=2, n,=m, =1, [=2. Substitut-

ing these values into (1.5), we require that Egs (1.7) and (1.8) must be identities in p. This gives
the solution

@* = aygi' (8 - £i) (i - ay)p? -1)
rt=a87 (g - )@y - g)pP +1), vy =ap? +1 (5.12)

Vo =8pq, V3= fipr, p=(g - f)(2a,) " Vq?r?

which exists under the following conditions
CG=C=C, ay=Ag(24,-4), A=B
fi=81(A -24)(A -24,)7", B, =21A(24, - A)™

B3 = 2M, (2A3 -yAl )»l, s= (A2 - Al )(Al - A3)gl_l (Al - 2A3)-l

and generalizes Steklov’s solution [1] to the motion of a gyrostat in a Lorentz field.
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